Simulations of coalescing black holes

Szymon Charzyński
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Two body problem in newtonian gravity

Simple analytical solution. For bound state the motion is periodic.

Two(?) body problem in general relativity

• No hope for analytical solution.
• Gravitational field carries energy, momentum, angular

momentum - in some sense it is the third physical object
involved in the problem.
• For large enough separation of components post-Newtonian

approximations work - the components of binary system fall
on each other. Energy and angular momentum is radiated
through gravitational waves. In this regime the gravitational
radiation is a small perturbation to Newtonian motion.
• For many years attempts to solve the strong field regime

numericaly have failed.

Numerical simulations of two(?) body problem

• Simplest point masses: black holes.
• Three different phases: inspiral, merger, ringdown.

Main problems:
• Black hole singularities.
• Many scale problem:

on one hand the strong field region around BH’s has to be
simulated with high resolution,
on the other hand large volume has to be covered by
simulation to include the radiation effects.
• Numerical instabilities of discretized Einstein equations.

First successful simulation of BBH merger - 2005
• BH singularities problems are solved by singularity excision

algorithms or moving puncture methods.
• Adaptive mesh refinement of simulation grid is used to cover

large volume with low resolution and to cover regions around
black holes with high resolution grid. Typically up to 10 levels
of refinement are used (grid spacing differs by factor of 210 )
• The BSSN method (Baumgarte-Shapiro-Shibata-Nakamura)

proved to be numerically the most stable formulation of 3+1
decomposition of Einstein equations and is used for
discretization of evolution equations of spacetime geometry.
The BSSN formalism is a modification of the ADM formalism
developed during the 1950s.
Pretorius (2005), Campanelli et al. (2006), Baker et al. (2006).

Adaptive mesh refinement

BSSN formulation
In addition to usual 3+1 decomposition of spacetime metric
ds 2 = gµν dx µ dx ν = −α2 dt 2 + γij (dx i + β i dt)(dx j + β j dt)
the 3-metric γij is conformally transformed via
φ=

1
ln det γij ,
12

γ̃ij = e −4φ γij

so det γ̃ij = 1. The extrinsic curvature Kij is also transformed:


1
ij
−4φ
K := tr Kij = g Kij ,
Ãij = e
Kij − γij K
3
with tr Ãij = 0.
The evolved variables are: φ, γ̃ij , K , Ãij and Γ̃i := γ̃ jk Γ̃ijk .

Einstein Toolkit
• We use Einstein Toolkit computational

framework: a family of codes for use in
relativistic astrophysics based on finite
difference computation on a gridded mesh
(Löffler et al. 2012).
• The Toolkit is supported by a distributed

model, combining core support of software,
tools, and documentation in its SVN and
GIT repository with partnerships of
developers
• There are subsequent versions, latest as of May 2015: 11th release,
code name ”Hilbert”
• The code documentation can be found on
http://www.einsteintoolkit.org
• Code configured, compiled and run in the computer cluster in ICM

BBHs and Gamma ray bursts
• GRB - extremely energetic, transient events
• possible mechanism - collapse of massive star (long GRB) or

merge of 2 compact objects (short GRB) → new BH
• engine of the process - hot and dense accretion disc with

hyper-Eddington accretion rate (up to 1 M s −1 ) triggers
powerful, ultra-relativistic jets, which produce gamma ray
radiation far away from the central region

Gamma ray bursts

Case study of a long GRB from BBH

• combination of the two scenarios (close binary of massive OB

star + BH) can yield the longest GRBs
• simulations of such scenario very complicated, consists of

several steps:
• spinning up the massive star, common

envelope phase
• core collapse and accretion of inner

envelope, primary BH mass and spin
evolution, possible jet launch
• binary BH merger in vacuum
• accretion of the envelope onto the

merged product
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Our setup for BBH merger
• We simulate the very last stage of the evolution of binary BH

system, when the separation of the components becomes so
small, that the phases of inspiral, merger and ringdown can be
tracked.
• Initial state:
• Two black holes in quasi circular orbits with mass ratio 2 or 3.
• The more massive black hole carries also spin perpendicular to

the orbital plane
• The second component is spinless

Simulations of merging black holes
• We assumed reflection symmetry of the space time with respect to
the plane spanned by the initial momenta of the binary components,
• The initial separation of components was equal to 6M, where the
value of M is the ADM mass of the whole system: the mass
measured by a distant observer in an asymptotically flat space time
s
2
p
2 + S
, Mirr = A/16π
(1)
MADM = Mirr
2
4Mirr
where S is the spin of black hole and Mirr is the irreducible mass
(the mass of nonrotating black hole with the same area of horizon).
• We use Cartesian grid with the size of 60 × 60 × 60M and resolution
dx = dy = dx = 2M and 7 levels of the adaptive mesh refinement
in two regions around singularities, each by the factor of 2.

Two example runs
The input parameters and results for two example runs represent two
possible scenarios, that might occur during the pre-merger accretion stage
(core-collapse): A, the homologous accretion and B, the torus accretion.
Scenario A: M1 ∼ 9M , M1 /M2 ∼ 3
Scenario B: M1 ∼ 4M , M1 /M2 ∼ 1

Initial state
Final state
Control parameters
Computed ADM values
ADM
a1
a3
1
run m1 m2 p1 p2 a1 M1 M2 M
M
M
3
2
M
M
M2
2

1

3

A 0.63 0.32 -0.17 0.17 0.9 1.05 0.35 3.0 1.39 0.81 1.34 0.76
B 0.54 0.45 -0.14 0.14 0.28 0.6 0.45 1.4 1.03 0.79 0.98 0.78

(Parameters in the Table are evaluated in geometric units)

Sample orbit

BH apparent horizon shapes

Gravitational wave analysis

• Calculation of the exact value of the recoil speed requires the

evaluation of the momentum carried away by the gravitational
radiation during the merger.
• To calculate total momentum carried by radiation we have
followed algorithm described by Alcubierre (2008).
• We use the formula for dP/dt in terms of coefficients Alm of

multipole expansion of the Weyl scalar ψ4 .
• The coefficients Alm are computed on the sphere of radius

22M and with l ranging from 2 to 4.

Z
P=

Z
ψ4 dt

ψ¯4 dt

(2)

Gravitational recoil

• The direction of the recoil is irrelevant, since it depends on

which phase of the last orbit the components of the system
meet (in our simulations must remain in the orbital plane,
since the reflection symmetry is assumed).
• The velocity of the final BH depends on spins and masses of

the components
• We obtained the values of recoil speeds to be approximately
200 km/s or 300 km/s, which roughly correspond to the two
pre-merging scenarios
• homologous accretion in the primary star
• torus accretion and wind outflow

Possible progenitor and observable consequences

We envisage a model for an extremely long duration gamma ray
burst, with possible double jets and/or jets redirected, and leaving
an orphan afterglow, while accompanied by a gravitational wave
signal. Such GRB would be resulting from the collapse of a massive
rotating star in a close binary system with a companion BH.
• Candidate for such scenario: future of

Cygnus X-3, the X-ray binary system
composed of the Wolf-Rayet star, which
will undergo core-collapse supernova, and
its companion BH.

Binary black holes in the Universe
• Massive stars expected to form BHs at the end of their lives.

A few dozen of stellar mass BHs are in X-ray binary systems
• Supermassive black holes (106 − 108 M ) thought to exist at

centers of most galaxies. Galaxy merging process is observed
in number of cases

Merging galaxies in Abell 400 (X-ray and radio image). Kinked jet
in galaxy NGC 326.

Recoil velocity

Probability that the recoil velocity will be in a given range P, and
the probability that the recoil will be a in a given range along the
line of sight Pobs (to relate to possible redshift measurements in
galaxies and cosmological studies)
range [km/s]
P
Pobs
0-500
79.027% 92.641%
500-1000
15.399% 6.177%
1000-2000
5.384%
1.164%
2000-3000
0.189%
0.018%
3000-4000
0.001% 0.0001%
(Lousto et al. 2011).

Orphan supermassive black hole ejected from its host?

• M60-UCD1 ultra compact dwarf galaxy in the Virgo cluster
• Contains a supermassive black hole with 2.1 ×107 M
• BH constitutes about 20% of total mass

of this dwarf galaxy
• its relative velocity with respect to the

center of M60 is about 240 km/s

Summary
• Numerical relativity for the past several years has brought

novel methods to discretize the field equations and follow the
black hole merger process and its consequences
• observational evidences for spin flips and past merger events

have been hinted
• speculative studies of possible ’exotic’ gamma ray burst

progenitor and recoiled orphan SMBHs are proposed
• comprehensive survey of BH mergers should help cosmologists

understand the structure formation
• environmental issues (MHD, radiation) are the next challenge

after the vacuum process is tackled
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