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Motivation for studies of binary black holes
• Expected to be strongest sources of gravitational waves,

observable by GW detectors
• Understanding of strong field regime of general relativity
• The two body problem in GR is unsolved, no analytic solution

techniques
• Numerical relativity used to provide the evolution schemes and
overcome difficulties in discretizing the field equations
• Simulations are useful to study the merger process for
astrophysically relevant initial data parameters

Two body problem
• In Newtonian gravity, solution is a bound orbit: motion along

an ellipse
• In GR, approximate analytic solution may be obtained
• in test-particle limit, geodesic motion of a particle around a
black hole; perihelion precession, unstable and chaotic orbits
• in Post-Newtonian expansion, self gravity is accounted for;
slow motion (much slower than c) and weak field is assumed,
e.g. inspiral phase
• in perturbation theory, the ’ringdown’ of the final BH may be
described
• For BBH mergers, motion is fast and field is strong, self

gravity cannot be ignored; problem of ’plunge’ may be solved
only numerically

Numerical relativity
Field equations of general relativity
Gµν = 8πTµν

(1)

written in terms of the spacetime metrics
ds 2 = gµν dx µ dx ν

(2)

form a system of 10 coupled, non-linear, second order, partial
differential equations. Each depends on the 4 space-time
coordinates.
For a numerical scheme, one must choose the coordinates and
system of variables, that fix the character of equations and do not
develop pathologies when the spacetime is evolved. For
constrained evolution, system of hyperbolic and elliptic equations is
solved. Scheme must also deal with geometric singularities in BH
spacetimes.

Numerical relativity
• Two different stable methods currently used
• generalized harmonic coordinates with constraint damping
(Pretorius, 2005)
• ’BSSN’ method with ’moving punctures’ (Shibata M. et al,
2006; Thornburg et al. 2007) introduced the ’conformal
connection functions’ to the standard equations.
• Each equation contains tens to hundreds of individual terms,
requiring on several thousand floating point operations per grid
point with any evolution scheme.
• Problems of interest often have several orders of magnitude of
relevant physical length scales that need to be well resolved. This is
done with combination of hardware technology (supercomputers)
and software algorithms, in particular adaptive mesh refinement.
• The true geometric singularities that exist inside all black holes are
dealt with by ’excision’, or by special criteria for the lapse and shift
(’moving punctures’).

BBH mergers cases
• Equal mass quasi-circular merger: the inspiral phase can be

well described as a quasicircular inspiral driven by quadrupole
GW emission; Pre & post merger well approximated by
perturbative methods; ’plunge’ phase very short (10-20M)
• for non-spinning, unequal mass components, kick velocity of
remnant black hole due to asymmetric beaming of radiation
• up to 175km/s for non-spinning, unequal mass components
• typical values for spinning black holes of 100s km/s, but can

be as large as 4000km/s for equal mass black holes with spins
vectors anti-aligned and in the orbital plane

BBHs and Gamma ray bursts
• GRB - extremely energetic, transient events
• possible mechanism - collapse of massive star (long GRB) or

merge of 2 compact objects (short GRB) → new BH
• engine of the process - hot and dense accretion disc with

hyper-Eddington accretion rate (up to 1 M s −1 ) triggers
powerful, ultra-relativistic jets, which produce gamma ray
radiation far away from the central region

Gamma ray bursts

Case study of a long GRB from BBH

• combination of the two scenarios (close binary of massive OB

star + BH) can yield the longest GRBs
• simulations of such scenario very complicated, consists of

several steps:
• spinning up the massive star, common

envelope phase
• core collapse and accretion of inner

envelope, primary BH mass and spin
evolution, possible jet launch
• binary BH merger in vacuum
• accretion of the envelope onto the

merged product
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Our setup for BBH merger
• We simulate the very last stage of the evolution of binary BH

system, when the separation of the components becomes so
small, that the phases of inspiral, merger and ringdown can be
tracked.
• Initial state:
• Two black holes in quasi circular orbits with mass ratio 2 or 3.
• The more massive black hole carries also spin perpendicular to

the orbital plane
• The second component is spinless

Numerical code
• We use Einstein Toolkit computational

framework: a family of codes for use in
relativistic astrophysics based on finite
difference computation on a gridded mesh
(Löffler et al. 2012).
• The Toolkit is supported by a distributed

model, combining core support of software,
tools, and documentation in its SVN and
GIT repository with partnerships of
developers
• There are subsequent versions, latest as of May 2015: 11th release,
code name ”Hilbert”
• The code documentation can be found on
http://www.einsteintoolkit.org
• Code configured, compiled and run in the computer cluster in ICM

Simulation of merging black holes

• The initial data for a scalar field gravitational collapse are provided
by the TwoPunctures thorn (Ansorg et al. 2004). The ’punctures’
are excised points that represent the inner asymptotically flat
infinity. The numerical method used (pseudospectral collocation) is
an alternative to excision of spherical boundaries
• The evolution of the system of two black holes of a given mass,
with linear momentum and spin is performed by the McLachlan
module. It is a numerical implementation of the 3 + 1 split of
Einstein equations, solving the Cauchy initial value problem using
the BSSN method. Fundamental variables are spatial metric γi,j
and extrinsic curvature tensor Ki,j

ds 2 = gµν dx µ dx ν = −α2 dt 2 + γi,j (dx i + β i dt)(dx j + β j dt) (3)

Simulations of merging black holes
• We assumed reflection symmetry of the space time with respect to
the plane spanned by the initial momenta of the binary components,
• The initial separation of components was equal to 6M, where the
value of M is the ADM mass of the whole system: the mass
measured by a distant observer in an asymptotically flat space time
s
2
p
2 + S
, Mirr = A/16π
(4)
MADM = Mirr
2
4Mirr
where S is the spin of black hole and Mirr is the irreducible mass
(the mass of nonrotating black hole with the same area of horizon).
• We use Cartesian grid with the size of 60 × 60 × 60M and resolution
dx = dy = dx = 2M and 7 levels of the adaptive mesh refinement
in two regions around singularities, each by the factor of 2.

Two example runs
The input parameters and results for two example runs represent two
possible scenarios, that might occur during the pre-merger accretion stage
(core-collapse): A, the homologous accretion and B, the torus accretion.
Scenario A: M1 ∼ 9M , M1 /M2 ∼ 3
Scenario B: M1 ∼ 4M , M1 /M2 ∼ 1

Initial state
Final state
Control parameters
Computed ADM values
ADM
a1
a3
1
run m1 m2 p1 p2 a1 M1 M2 M
M
M
3
2
M
M
M2
2

1

3

A 0.63 0.32 -0.17 0.17 0.9 1.05 0.35 3.0 1.39 0.81 1.34 0.76
B 0.54 0.45 -0.14 0.14 0.28 0.6 0.45 1.4 1.03 0.79 0.98 0.78

(Parameters in the Table are evaluated in geometric units)

Localization of apparent horizons

• The apparent horizons are localized around the components of

the BH system in each slice of time during the evolution, and
around final merged black hole after it forms. The AH shape
is given by a function r = h(angle), found by solving a
nonlinear elliptic PDE in h on S 2
• The proper integrals over the isolated horizon are calculated

to extract the values of mass and spin of the merged black
hole (treated ’quasilocally’; Dreyer et al. 2003).

Sample orbit

BH apparent horizon shapes

Gravitational wave analysis

• Calculation of the exact value of the recoil speed requires the

evaluation of the momentum carried away by the gravitational
radiation during the merger.
• To calculate total momentum carried by radiation we have
followed algorithm described by Alcubierre (2008).
• We use the formula for dP/dt in terms of coefficients Alm of

multipole expansion of the Weyl scalar ψ4 .
• The coefficients Alm are computed on the sphere of radius

22M and with l ranging from 2 to 4.

Z
P=

Z
ψ4 dt

ψ¯4 dt

(5)

Gravitational recoil

• The direction of the recoil is irrelevant, since it depends on

which phase of the last orbit the components of the system
meet (in our simulations must remain in the orbital plane,
since the reflection symmetry is assumed).
• The velocity of the final BH depends on spins and masses of

the components
• We obtained the values of recoil speeds to be approximately
200 km/s or 300 km/s, which roughly correspond to the two
pre-merging scenarios
• homologous accretion in the primary star
• torus accretion and wind outflow

Possible progenitor and observable consequences

We envisage a model for an extremely long duration gamma ray
burst, with possible double jets and/or jets redirected, and leaving
an orphan afterglow, while accompanied by a gravitational wave
signal. Such GRB would be resulting from the collapse of a massive
rotating star in a close binary system with a companion BH.
• Candidate for such scenario: future of

Cygnus X-3, the X-ray binary system
composed of the Wolf-Rayet star, which
will undergo core-collapse supernova, and
its companion BH.

Binary black holes in the Universe
• Massive stars expected to form BHs at the end of their lives.

A few dozen of stellar mass BHs are in X-ray binary systems
• Supermassive black holes (106 − 108 M ) thought to exist at

centers of most galaxies. Galaxy merging process is observed
in number of cases

Merging galaxies in Abell 400 (X-ray and radio image). Kinked jet
in galaxy NGC 326.

Recoil velocity

Probability that the recoil velocity will be in a given range P, and
the probability that the recoil will be a in a given range along the
line of sight Pobs (to relate to possible redshift measurements in
galaxies and cosmological studies)
range [km/s]
P
Pobs
0-500
79.027% 92.641%
500-1000
15.399% 6.177%
1000-2000
5.384%
1.164%
2000-3000
0.189%
0.018%
3000-4000
0.001% 0.0001%
(Lousto et al. 2011).

Orphan supermassive black hole ejected from its host?

• M60-UCD1 ultra compact dwarf galaxy in the Virgo cluster
• Contains a supermassive black hole with 2.1 ×107 M
• BH constitutes about 20% of total mass

of this dwarf galaxy
• its relative velocity with respect to the

center of M60 is about 240 km/s

Summary
• Numerical relativity for the past several years has brought

novel methods to discretize the field equations and follow the
black hole merger process and its consequences
• observational evidences for spin flips and past merger events

have been hinted
• speculative studies of possible ’exotic’ gamma ray burst

progenitor and recoiled orphan SMBHs are proposed
• comprehensive survey of BH mergers should help cosmologists

understand the structure formation
• environmental issues (MHD, radiation) are the next challenge

after the vacuum process is tackled
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• dr Szymon Charzyński (CFT PAN / FUW)
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